Necessary criterion of choosing the energy-momentum tensor and the
  Lagrange formalism by Spirichev, Yurii A.
 1 
Necessary criterion of choosing the energy-momentum tensor and the 
Lagrange formalism 
 
Yurii A. Spirichev 
The State Atomic Energy Corporation ROSATOM, "Research and Design Institute of Radio-Electronic 
Engineering" - branch of Federal Scientific-Production Center "Production Association "Start" named after 
Michael V.Protsenko", Zarechny, Penza region, Russia 
E-mail: yurii.spirichev@mail.ru 
 
Abstract  
It is shown that the necessary criterion for choosing the energy-momentum tensor of a physical 
system is the form of its linear invariant, which should be the lagrangian of this physical system. 
Examples of energy-momentum tensors that meet this criterion are given. For an electromagnetic 
field in vacuum, the linear invariant of the energy-momentum tensor must be the canonical 
lagrangian or the quadratic invariant of the electromagnetic field tensor. A mathematical method for 
obtaining the lagrangian that complements the Lagrange formalism is proposed. 
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1. Introduction 
The energy-momentum tensors (EMT) play a key role in the description of physical 
processes, since they are followed by the equations of the laws of conservation of energy and 
momentum. The equations of conservation of momentum are simultaneously the equations of motion. 
In this regard, the criteria for assessing the correctness of the EMT play an important role in its 
construction or selection. Such a criterion can be the correspondence of the structure of the 
considered EMT to the structure of the canonical EMT [l]. However, this criterion is not 
unambiguous, as it can correspond to a number of EMT. Another frequently used criterion for 
selecting EMT is its symmetry. However, this criterion is not unambiguous either. An example of this 
is the EMT of Minkowski and Abraham and the well-known long discussion about their correctness 
[2]. Consequently, it can be concluded that nowadays there is no unambiguous and necessary 
criterion for assessing the correctness of EMT in electrodynamics. This leads to the existence of 
many competing EMT and discussions about their correctness. 
The principle of least action occupies an important position in physics. The invariance of an 
action with respect to transformations of the Poincaré group using the Lagrange formalism allows 
one to obtain equations of motion and equations for the conservation of energy and momentum of a 
physical system. These equations also follow from the EMT, which indicates that the EMT is closely 
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related to the action of the physical system. Therefore, one of the ways to obtain EMT is to use the 
Lagrange formalism [1]. To use it, it is necessary to know the density of the Lagrange function or the 
lagrangian of a physical system. However, there are no rigorous mathematical methods in physics for 
obtaining the lagrangian and it is obtained empirically, based on general considerations [3-6]. As the 
lagrangian is an invariant and is associated with the energy of the physical system, and the other 
invariant associated with energy is the track of EMT, it is natural to assume that the trace of EMT is 
also the lagrangian of the physical system. 
The purpose of this article is to prove that the necessary criterion for choosing an EMT, 
providing an unambiguous assessment of its correctness, is the kind of the trace of EMT of a physical 
system, which simultaneously must be its lagrangian. 
 
 2 Necessary criterion for selecting EMT 
An important characteristic of EMT is its linear invariant, which is the sum of its diagonal 
components. 
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Canonical EMT has a general form [1] 
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where  W – energy density; S – energy flux density; g – momentum density; tik – momentum flux 
density tensor (stress tensor). The trace of this tensor, which is its linear invariant, has the form: 
iitWI        (3) 
For the mechanical energy-momentum tensor, this invariant has the form: 
pv2cmI       (4) 
where m - is the mass density; p - is the density of the mechanical momentum of the medium; v - is 
the velocity of the medium particles. This invariant, after transition from mass density to mass, 
corresponds to the canonical density expression of lagrangian known in mechanics [1] for a free 
particle. 
 EMT of interaction of the electromagnetic field (EMF) with electric charges is known [7]:  
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where ),/( AA ic  - electromagnetic potential of electromagnetic field, φ and A - scalar and vector 
potentials of electromagnetic field; ),( JJ ic  - four-dimensional current density, ρ and J - charge 
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density and conduction current density vector. The trace of this EMT or its linear invariant has the 
form: 
JAI       (6) 
This invariant is known as the generalized energy density of electromagnetic interaction of 
electromagnetic fields with electric charges [8] and it is also the lagrangian of this interaction. 
EMT of interaction of EMF with dielectric medium is known [9]: 
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The linear invariant of this EMT has the form: 
HBDEI       (8) 
For EMF in vacuum, EMT (7) takes the form: 
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The linear invariant of this EMT is has form: 
222 / BE cI       (10) 
This linear invariant of EMT (9) is the canonical lagrangian of EMF in vacuum [6] and, 
simultaneously, a quadratic invariant of the antisymmetric tensor of EMF F : 
 
222 / BE cFFI       (11) 
Since this quadratic invariant (11), containing the EMF energy, is the only invariant, then the linear 
invariant of the EMT (10) is also the only possible invariant. From this, it follows that the EMTs (7) 
and (9) are correct. Thus, a necessary criterion for the correctness of any EMT for an EMF in a 
medium is the equality of its linear invariant (1), in the “vacuum” approximation, to the invariant (11) 
of the EMF. 
Let us consider the linear invariant of the EMT of Minkowski.  Its components are equal: 
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If we consider the vacuum as a medium with relative dielectric and magnetic permeability’s equal to 
one, then this invariant of the EMT will describe the energy density of the electromagnetic field in a 
vacuum. 
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Substituting the components of the EMT of Minkowski in the “vacuum” approximation (13) into the 
invariant (1), we obtain: 
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From this expression it follows that the Minkowski EMT does not satisfy the necessary correctness 
criterion, since its linear invariant in the “vacuum” approximation is not equal to the EMF invariant 
(11) and the canonical lagrangian of the EMF in a vacuum. Similarly, you can check other known 
EMT. Thus, EMT (7) is correct for an EMF in dielectric medium. 
 
 3 Energy-momentum tensor and Lagrange formalism 
Lagrange formalism plays a key role in field theory. However, there is a problem in this 
formalism as there are no rigorous mathematical methods for obtaining the lagrangian. Therefore, it 
is obtained by the method of construction (selection, design) on the basis of general considerations or 
first, in one way or another, the equations of motion of the physical system are obtained, and then the 
lagrangian is adjusted to these equations. With this method, the theoretical results obtained are not 
always unambiguous, since the choice of the lagrangian largely depends on the views and 
imagination of the researcher. From the examples given in Section 2, it was concluded that the 
lagrangians of physical systems are linear invariants or traces of the EMT of these systems. Thus, 
obtaining the lagrangian from the EMT for further application in the Lagrange formalism is a 
mathematically rigorous method. The lagrangian obtained by this method can be written in the form 
TL , where δνµ - is the Kronecker symbol, T
 
- EMT. The sequence of actions is the 
following: firstly,  we obtain  the field tensor Fνµ, then from the field tensor using the method 
described in [9], we get the EMT FFT , then take its trace, which in the form of lagrangian, is 
used in the Lagrange formalism. Thus, the proposed method can be considered as an addition to the 
Lagrange formalism, which provides a mathematically rigorous way of obtaining of the lagrangian of 
the physical field. 
The equations of motion of the field follow from the tensor of a physical field, and the 
equations of energy conservation, energy flux density and field momentum follow from EMT. These 
equations can also be obtained using the Lagrange formalism, if you know the lagrangian. Thus, the 
equations of motion obtained using the Lagrange formalism duplicate the previously obtained 
equations from the field tensor and the EMT. Consequently, the proposed method of obtaining the 
lagrangian and the formalism Lagrange form a closed chain of mathematical transformations and 
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provide mutual verification of the correctness of the components of this chain (field tensor, equations 
of motion, TEI, equations of energy and momentum conservation, the lagrangian). The structure of 
the mathematical operations of such a formalism for a field in a vacuum is shown in the figure. 
      
         The structure of a formalism 
 
4. Conclusion 
The examples of Section 2 show that the trace EMT, which is a linear invariant of the EMT, is 
also the lagrangian of the physical system that this EMT describes. Thus, the equality of the 
lagrangian to the EMT is a necessary criterion for the validity of the EMT, more precisely, the 
correspondence between the lagrangian and the EMT of the physical system. 
For EMF in vacuum, the linear invariant of the EMT is a quadratic invariant of EMF or its 
canonical lagrangian. This follows from the fact that the diagonal components of the EMT represent 
the energy of the electromagnetic field, and the sum of these components, i.e.  the trace of a tensor, is 
an invariant. But there is only a single invariant representing the energy of the electromagnetic field, 
it is the canonical invariant of the electromagnetic field or its lagrangian.  
The energy-momentum tensors corresponding to this criterion are given. The proposed 
method allows, firstly, to mathematically strictly obtain the lagrangians of physical systems, 
secondly, on the basis of the Lagrange formalism, to obtain a closed formalism that provides 
verification of the correctness and consistency of the original, intermediate and final theoretical 
research results. 
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